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Abstract
In this paper is presented a general-relativistic approach of cuasi-
neutral bodies endowed with magnetic field. Starting from the similarity
of neutron particles with neutron stars for which the general-relativistic
framework is imposed, this treatment is extended to neutrons. A class
of interior solutions is derived from the Einstein field equations for a
spherically-symmetric distribution of a perfect magneto-fluid in the mag-
netohydrodinamic approximation and a magnetic mass model is proposed.
The dependence of the metric and of physical parameters on the magnetic
field leads to the conclusion that the mass is entirely magnetic in origin,
which implies that the field equations do not admit interior solutions if
the source consist only on perfect fluid.
1 Introduction
The use of general relativity framework for the study of particles is an attractive
idea and is of considerable historical interest in connection with efforts to built
models of charged particles which derive their mass from electromagnetism.
Let us remind the problem of the structure of electron whose mass many
scientists believe is of purely electromagnetic origin. Various attempts to build
charged sphere electromagnetic mass models for the electron within the realm
of classical electromagnetism were not fruitful, since the evenly charged parts
of a charged sphere repel one another, due to the Coulomb repulsive forces.
Poincare showed that the introduction of non-electromagnetic coercive forces (
a kind of negative pressure) was necessary to provide stability and to build a
consistent picture of such a model. Thus, the Einstein field equations should be
considered for ρ (0) = 0 and nonvanishing stress which acts in conjunction with
gravity to counteract the Coulomb repulsion and maintain equilibrium.
The tentative of embedding particles in the gravitational theory was already
successfully fructified by a number of famous theoreticians. Schwarzschild found
the interior metric for the Schwarzschild solution representing a sphere with a
constant non-gravitational energy density throughout. Cooperstoch and De La
Cruz [1], generalizing this solution to the case of a charged sphere of dust, found
not only physically motivated static sources for the Reissner - No¨rdstrom met-
ric, but also a family of solutions for which the mass is electromagnetic in origin
and the pressure p is negative in interior, increasing monotonically outward until
1
p = 0 at the surface. Tiwari, Rao and Kanakamedala [2] elaborated an electro-
magnetic mass model which could be extended to a class of charged spherical
particles whose mass is entirely electromagnetic in origin and the Coulomb re-
pulsive forces are balanced by an in-built negative pressure of the charged fluid
distribution. Recently, Kauffmann [3] studied the self-gravitational effects of the
electron electromagnetic field, that acts as an electromagnetic mass contribu-
tion. Campanelli and Lousto [4] looked for non-perturbative interior solutions
and found the approximate metric in the case of static, uniform density models
of neutron stars.
The intention of the present paper is to take advantage of the similarity
between stellar bodies and particles, especially when this is evident, which is
the case of the pair neutron particle and neutron star [5]. The general ap-
proach which is developed here consist on analyzing the interior solutions of
Einstein field equations with sources, using those energy-momentum tensors
which describe the studied objects, with the intention to justify the existence
of a magnetic mass model for neutron particle and neutron star [6].
2 General considerations
The problem of finding interior solutions of Einstein field equations is of great
interest. One of the most useful analytic solution is the Schwarzschild metric
which describes a star of uniform density, ρ = ρo = const for all p, with the
Reissner-Nordstrom generalization.
The unique Schwarzschild and Reissner-No¨rdstrom solution for the empty
space Einstein and Einstein - Maxwell field equations respectively, can be writ-
ten in the Schwarzschild coordinates, as (the signature is +2 and the constants
are normalized to unity):
ds2 = gabdx
adxb =
1
f (r)
dr2 + r2
(
dθ2 + sin2 θdϕ2
)
− f (r) dt2 (1)
a, b = 0, 1, 2, 3
where:
f (r) = 1−
2m
r
(1.a)
in the case of the Schwarzschild solution and:
f (r) = 1−
2m
r
+
q2
r2
(1.b)
in the case of the Reissner-No¨rdstrom solution. Here m is the mass of the source
and q is the total charge residing on it.
This form of the metric is quite simple and interesting to deal with so it
appear natural to suppose that the matter distribution of the source which
generates the exterior fields is also described by a metric of the same form:
ds2 =
1
g
dr2 + r2
(
dθ2 + sin2 θdϕ2
)
− gdt2 (2)
where g is an unknown function. Starting from this metric, Tiwari [2] finded a
class of charged spherical particles which obey to the following two conditions:
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(1) if the source consist of a perfect fluid distribution, there exists no solution
to the Einstein matter field equations; and (2) if the source consist of a charged
perfect fluid distribution, a class of solutions to the Einstein-Maxwell field equa-
tions exists werein all the physical parameters (mass, density, pressure, etc.) are
charge dependent and vanish when the charge vanishes.
In this paper the purpose is to demonstrate the existence of a magnetic-mass
model, which leads to similar interesting consequences as presented above.
The source is considered a perfect, cuasi-neutral fluid, endowed with mag-
netic field. This kind of assumption could lead to the characteristics of plasma
fluid [7], which is a perfect conductor medium. Consequently, in the magne-
tohydrodynamic approximation, the electric field become identic null and the
electromagnetic tensor contain only magnetic terms [8].
The energy-momentum tensor that describes the behavior of a perfect magneto-
fluid is the corresponding perfect fluid energy-momentum tensor with the non-
vanishing components of the electromagnetic tensor.
Tab =
(
ρ+
B2
8pi
)
uaub +
(
p+
B2
8pi
)
hab −
BaBb
4pi
(3)
where ρ is the energy density, p is the pressure, Ba is the magnetic field 4-
vector, ua is the velocity 4-vector field tangent to the fundamental flow-lines,
which is normalized uau
a = −1 and hab is the projection tensor into the tangent
three-space orthogonal to ua:
hab = gab + uaub (4)
The space-time generated by this source can be considerated stationary and
axisymmetric, which means that there are two Killing vector fields associated
with the coordinates (t, ϕ) [9]. For this reason, the components of the metric
tensor and consequently, the physical quantities, will depend only on coordinates
(r, θ). Two particular situations will be considered: the neutron particle and
the neutron star case and a magnetic mass model will be developed for both
objects.
3 The neutron particle case
First will be analyzed the particular case when the quantities g, ρ , p and B
depends only on r (all the calculations have been made within the GRTensor
package [10]).
The nonvanishing components of the Einstein tensor for the above metric
are:
Grr = G
t
t =
1
r2
(rg′(r) + g(r) − 1) (5)
Gθθ = G
ϕ
ϕ =
1
2r
(2g(r)′ + rg(r)′′) (6)
To keep the energy-momentum tensor diagonal, Bθ will be taken also identic
null and the only nonvanishing component for the magnetic field will be Br =
B (r). The energy-momentum tensor equations are:
3
T rr =
1
8pi
(
8pip (r) − g (r)B (r)
2
)
(7)
T θθ = T
ϕ
ϕ =
1
8pi
(
8pip (r) + g (r)B (r)2
)
(8)
T tt = −
1
8pi
[
8piρ (r) +B (r)
2
g (r)
]
(9)
From the conservation of the energy momentum tensor equation T ab;a = 0,
only the radial component is relevant, the others been identic null:
p (r)
′
−
g (r)B (r)
4pi
(
B (r)
′
−
2
r
B (r)
)
−
g′ (r)
8pi
(
B (r)
2
−
4pi (p (r) + ρ (r))
g (r)
)
= 0
(10)
When p = 0, if the first Einstein equation Grr = 8piT
r
r is substituted in the
energy-momentum tensor conservation equation, on obtain athe metric function
at the radius R and magnetic field Bs that corresponds to the surface of the
particle sphere.
g (R) =
1
2a
(
−b±
√
b2 − 4ac
)
(11)
where: a = 2RBsB
′
s + 3B
2
s − B
4
sR
2 , b = B2s + 4piρ
(
1 +B2sR
2
)
and c = 4piρ.
The identification with the exterior neutral Schwarzchild solution imposes the
condition of vanishing surface magnetic field: Bs = 0.
The difference Grr − G
t
t = 8piG (T
r
r − T
t
t ) = 0 shows that in interior the
pressure is negative: p (r) = −ρ (r) , in accord with the results of Cooperstock
and Tiwari. This is the case of the neutron particle where the pressure counter-
act the magnetic stress B2/8pi and should be correlated with the predominant
role of gravitation in maintaining the equilibrium. With this assumption, the
expression for g′(r) from the equation Grr = 8piT
r
r is substituted in the energy
momentum tensor conservation equation and a formal expression for the metric
function is obtained:
g (r) =
8pir(p′(r) − rp(r)B2(r)) −B2(r)
B(r)
(
2rB′(r) + 3B2(r) −B (r)
3
r2
) (12)
From this equation we observe that at the origin, where ρ = 0, the expression
of the metric will depend only on the magnetic field: g0 = 1/3B, thus the
magnetic field is essential for the stability of the neutral particle.
Therefore, if the magnetic field became identic null and the source consist
only on a perfect fluid distribution, there exist no metric solutions: B(r) → 0
⇒ g (r)→∞, which means that the mass is entirely magnetic in origin.
This dependence of the metric function on B (r) determines also a surface
singularity: B(r) =
(
r3 + r2 + c
)
−
1
2 , which stands the magnetic field role on
the limitation of the particle radius. In fact, if the pressure takes the particular
value: p(r) = e
∫
B2(r)rdr + const , its influence will be elimiated and the metric
will depend only on B (r): g (r) = −
(
2rB
′(r)
B(r) + 3B (r) −B (r)
3
r2
)
−1
, which
shows the essential contribution of the magnetic field to the geometry.
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If this expression of the metric function is replaced in the Einstein field equa-
tions and yields a dependence of the physical parameters (density and pressure)
on the magnetic field. The explicit dependence of p (r) and ρ (r) on B (r) is too
complicated to be presented but is simply to verify that even those parameters
do not admit solution when the magnetic field vanishes.
From the second Einstein field equation Gθθ = 8piT
θ
θ , a Poisson-type equation
is obtained:
∇
2g (r) = 16p (r) pi + 2B (r)2 g(r) (13)
This equation clearly shows the sources of the gravitational field and states
the role of the magnetic field as a magnetic mass.
4 The neutron star case
With the discovery of compact astrtophysical objects like binary pulsars, white
dwarfs and black holes, finding exact interior non-perturbative solutions of the
Einstein field equations [11] become a necessarily subject for astrophysicists and
relativists. To study the interior field of such a strange object it is difficult, be-
cause we don’t know if in so extreme conditions of density and pressure the
conservation laws for the energy-momentum tensor are valid. We don’t even
know the state equation, but we’ll use the general ansatz: p = νρ where ν is a
constant. As a first approximation we will suppose that the metric is static and
axially symmetric and the source is a magnetized perfect fluid. This means that
the space-time contains one space-like and one time-like commuting hypersur-
face forming two Killing vectors so in this case the dependencies of g, ρ, p and Ba
on the remaining (r, θ) coordinates will be considered. The Einstein tensor has
a more complicated expression, with nonvanishing non-diagonal components.
The electro-magnetic four potential is given by: Aa = (0, 0, Aϕ, 0), which reads
the following form for the magnetic field cuadri-vector: Ba = (Br, Bθ, 0, 0). It
is suitable for further calculations, to separate the variables and to split the
metric function in two: g (r, θ) = gr (r) gθ (θ)
The difference (Gθθ −G
θ
ϕ) = 8pi(T
θ
θ − T
θ
ϕ) is a simple expression:
g˙ (r, θ) = 2g (r, θ)Bθ (r, θ) (14)
which is integrated to give the dependence of metric function on θ:
gθ (θ) = e
2
∫
2pi
0
Bθ(r,θ)dθ (15)
To deduce the dependence of g (r, θ) on variable r, it is useful to consider
the non-diagonal Einstein field equation: Erθ = 8piT
r
θ :
g˙′ (r, θ) = 4g (r, θ)Br (r, θ)Bθ (r, θ) (16)
and the integration of this equation yields:
gr (r) =
1
Bθ (r, θ)
e
2
∫
R
0
Br(r,θ)dr (17)
The solution is therefore:
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g (r, θ) =
1
Bθ (r, θ)
e
2
(∫
R
0
Br(r,θ)dr+
∫
2pi
0
Bθ(r,θ)dθ
)
(18)
which can be integrated for particular values of the magnetic field.
This result can be interpreted as follows: if the source consist on a magneto-
fluid distribution, a class of solutions to the Einstein field equation exist wherein
the metric and the physical parameters are all dependent on the magnetic field
and there is no solution when the azimuthal component of the magnetic field
vanishes. The existence of the azimuhal magnetic field is a realistic condition
for the neutron star, this being the only stable configuration for a stationary
axisymmetric flow of the internal stellar plasma in the MHD approximation.
The Poisson-type equation has a radial and an azimuthal component: ∇2g (r, θ) =
∇
2
rg (r, θ) + ∇
2
θg (r, θ). The radial one, obtained from the sum: G
θ
θ + G
ϕ
ϕ =
8pi
(
T θθ + T
ϕ
ϕ
)
is similar to the first case:
∇
2
rg (r, θ) = 16p (r, θ)pi + 2Br (r, θ)
2
g(r, θ) (19)
and the azimuthal Poisson-type equation, obtained from the relation:
(
Grr −G
t
t
)
− 2
(
Gθθ −G
ϕ
ϕ
)
= 8pi
[
(T rr − T
t
t )− 2
(
T θθ − T
ϕ
ϕ
)]
(20)
has the form:
∇
2
θg (r, θ) = 8pi (p (r, θ) + ρ (r, θ)) +
6
r2
B2θ (r, θ)
2
(21)
Even in this more complicated situation, the same conclusion can be drown
from the Poisson equation: the source of the gravitational field has a magnetic
component which contribute, as a magnetic mass, to the creation of the geom-
etry.
5 Conclusions
This study was made with the intention of analyzing the physical situation of
the neutron particle or the neutron star, both being spherical objects endowed
with significant magnetic field, in order to find a realistic interior model. The
main idea was the use of the general relativity formalism and the purpose was to
obtain a class of static, spherically symmetric interior solutions. Two situations
for the magnetic distribution were considered: with radial and with both radial
and azimuthal components. The fact that the magnetic field has an active
contribution to the metric and to the physical parameters, was of clear evidence
and this dependence leaded to the conclusion that the mass is entirely magnetic
in origin. The result that if the magnetic field vanishes there is no metric
solution, is important, because shows again the fundamental role which the
magnetic field is playing to the constitution of matter and of the Universe.
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